Abstract. It is shown that, given a lattice H in a totally disconnected, locally compact group G, the contraction subgroups in G and the values of the scale function on G are determined by their restrictions to H. Group theoretic properties intrinsic to the lattice, such as being periodic or infinitely divisible, are then seen to imply corresponding properties of G.
Introduction
Lattices in locally compact groups have been studied extensively. In the connected case this reduces to the study of lattices in Lie groups; strong results have been obtained, including the Margulis superrigidity theorem for lattices in higher rank semisimple Lie groups and some of its extensions, see [13, 15, 17] .
Lattices in specific types of totally disconnected, locally compact (t.d.l.c.) groups have been studied in [2, 7, 12] , and that a uniform lattice which happens to be a free group controls the scale on an ambient t.d.l.c. group was seen in [3] . It has also been shown recently that, in contrast with the connected case, compactly generated, simple t.d.l.c. groups need not have lattices, [1, 6] . This note gives further information about how lattices control an ambient t.d.l.c. group G by showing that the contraction subgroups in G and the values of the scale function on G are determined by their restrictions to the lattice.
We begin by recalling a few key facts about lattices and the scale function. 
The scale function on G is related to the modular function ∆ :
. It is well known that the modular function is identically equal to 1 if G contains a lattice, see [15, Remark 1.9] , and the motivation for this work is to understand how properties of a lattice influence the scale function and related properties of G. The relevant properties of G are as follows.
(1) G is uniscalar if the scale function is identically equal to 1.
These features of G are related by the fact that triviality of con(x) implies that s G (x −1 ) = 1, see [5, Proposition 3.24] . Hence anisotropic groups are uniscalar, the converse does not hold however. That G should be anisotropic is equivalent to triviality of the Tits core, see [8, Proposition 3.1] .
The observation that con(x n ) = con(x) for every n ≥ 1 will be useful later.
Subgroups with finite co-volume
The proof of the main theorem relies on two results which may be found in [4] and [8] respectively but are restated here. The proofs of these results involve an iterative argument that uses the factoring V = V + V − of tidy subgroups and the easily verified containments xV + x −1 ≥ V + and xV − x −1 ≤ V .
Lemma 2.1 ([4], Lemma 2.4). Suppose that V is a compact, open subgroup of G that is tidy for x ∈ G and let
The following result is established in [8] 
Lemma 2.2 implies the following, by the same argument as given in [8] .
Proposition 2.4 (c.f. [8], Corollary 4.2). Suppose that V is a compact, open subgroup of G that is tidy for x.
Then for every y ∈ V xV there is t ∈ V + ∩con(x −1 ) such that tcon(x)t −1 = con(y).
We are now ready to prove the main result of this note.
Theorem 2.5. Let G be a totally disconnected, locally compact group and H be a closed subgroup of G having finite co-volume. Then, for every
x ∈ G there are n ≥ 1 and h ∈ H such that s G (x) n = s G (h).
Moreover, con(h) is conjugate to con(x).
Proof. Let V be a compact, open subgroup of G that is tidy for x and let µ be a finite G-invariant measure on G/H. Then π H (V ) is an open subset of G/H and hence µ(π H (V )) > 0. For each n ≥ 1 we have that
because µ is G-invariant. Since µ is finite, finite additivity of µ implies that there is n > 0 such that
The definition of π H then implies that there is h ∈ H with x n V ∩ V h = ∅. Therefore h belongs to V x n V . Hence Lemma 2.1 implies that s G (x) n = s G (h), and Proposition 2.4 implies that con(h) is conjugate to con(x n ) which, as remarked in the introduction, is equal to con(x).
It is not true in general that s G (H) = s G (G). For example, the group G = Q p × p Z has the co-compact subgroup H = Q p × p nZ and
Several conclusions may be drawn immediately from the theorem. Here are two situations in which Corollary 2.6 applies to extend properties of a lattice to properties of its ambient group. Proposition 2.7. Suppose that the t.d.l.c. group G has a lattice H with h finite for every h ∈ H. Then G is anisotropic and x is pre-compact for every x ∈ G.
Proof. Every element of G with finite order has trivial contraction group. Hence H is anisotropic and it follows by Corollary 2.6 that G is anisotropic.
Let x be in G and let V ≤ G be tidy for x. Then V is normalised by x and, by the argument in the proof of Theorem 2.5, there is n ≥ 1 such that
, which is compact because h has finite order and normalises V . Therefore x has compact closure.
Proposition 2.7 asserts that every element of G normalises a compact open subgroup. It does not claim that G has a compact open normal subgroup and that is not true in general, for the group
N | x n ∈ {e, ( 1 2 )} for almost all n contains the co-compact lattice In the next proposition, infinite divisibility of the element x in G means that there are increasing sequences, n k , of positive integers and, x k , of elements of G such that x = x n k k for every k. Proposition 2.8. Suppose that G has a lattice H in which every element is infinitely divisible. Then G is uniscalar but need not be anisotropic.
n for every n ≥ 0, infinite divisibility of x implies that s G (x) = 1. Hence H is uniscalar and it follows by Corollary 2.6 that G is uniscalar.
The group G = C Q 2 ⋊ Q, where C 2 is the group of order 2 and Q acts on C Q 2 by translation, has the infinitely divisible lattice Q but con(x) = C Q 2 for every x = 0 in Q. Hence G is not anisotropic, thus justifying the last claim.
The paper concludes with another question about how properties of a group might depend on a lattice. It is shown in [3] that, if the t.d.l.c. group G has a uniform lattice isomorphic to the free group of rank k, then the set of prime divisors of s G (G) is bounded by a number that depends on k. Note, too, that, by [9, Theorem 1] , that if G is a compactly generated t.d.l.c. group, there is a finite set η = η(G) of prime numbers such that the open pro-η subgroups of G form a base of identity neighbourhoods. G is a t.d.l.c. group with a lattice having k generators.  Is there a bound on s G (G) and on the local prime content that depends only on k?
Question 2. Suppose that

